CURVATURE FLOW OF COMPLETE CONVEX
HYPERSURFACES IN HYPERBOLIC SPACE

LING XIAO

ABSTRACT. We investigate the existence, convergence and uniqueness of mod-
ified general curvature flow (MGCF) of convex hypersurfaces in hyperbolic
space with a prescribed asymptotic boundary.

1. INTRODUCTION

In this paper, we continue our study of modified curvature flow problems in hy-
perbolic space. Consider a complete (locally strictly) convex hypersurface in H?**
with a prescribed asymptotic boundary I" at infinity, whose principal curvatures
satisfy f(k) > o, (e.g in our earlier work [LX10] section 8 we gave an example of
such "good” initial surfaces.) and is given by an embedding X(0) : Q — H"*1
where Q C 9, H"t!. We consider the evolution of such embedding to produce a
family of embeddings X :  x [0,T) — H"*! satisfying the following equations

X=(fEO) —ova  (2,1) €Qx[0,T),

(1.1) X(0) =3 (x,t) € 90 x {0},
X=T (z,t) € 90 x [0,T),
where x[2(t)] = (K1, -, Kn) denotes the hyperbolic principal curvatures of X(¢),

o € (0,1) is a constant and vy denotes the outward unit normal of ¥(¢) with respect
to the hyperbolic metric.

In this paper, we shall use the half-space model,
H"M = {(z,2p11) € R"M 121 > 0}
equipped with the hyperbolic metric
+1

Z?:l dw? .

Ty i1
One identifies the hyperplane {z,, 11 = 0} = R" x {0} C R"*! as infinity of H"*!,
denoted by O,,H"*!. For convenience we say ¥ has compact asymptotic boundary
if 0¥ C O, H"*! is compact with respect to the Euclidean metric in R™.

(1.2) ds® =

The function f is assumed to satisfy the following fundamental structure condi-

tions:
(1.3) fily) = 8({;/(\/\) >0 in K, 1<i<nmn,
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(1.4) f is a concave function in K,
and
(1.5) f>0in K, f=0 ondK,

where K C R” is an open symmetric convex cone defined as following
(1.6) K := K, :={\ € R" : each component \; > 0}.

In addition, we shall assume that f is normalized

(1.7) fa--- 1) =1

and satisfies more technical assumptions

(1.8) f is homogeneous of degree one.

Moreover,

(1.9) Rlir_r& F, - s An—1, A + R) > 1+ €9 uniformly in Bs, (1)
—+00

for some fixed ¢y > 0 and g > 0, where By, (1) is the ball of radius §y centered at
1=(,---,1) eR™

As shown in [GS10], an example of the function satisfies all assumptions above
is given by f = (Hn/Hl)ﬁ, 0 <!l < n, defined in K, where H; is the normalized
[ — th elementary symmetric polynomial. (e.g., Hy = 1, Hy = H, H,, = K the
extrinsic Gauss curvature.)

Since f is symmetric, by (L.4)), and we have
110) S <O+ Y AON - D= 0N =S A i K

and

(1.11) S EM) = F)+ S AN - ) = FA) =1 in K.

In this paper, we always assume the initial surfaces ¥y to be connected and
orientable, and X(t) = {X = (z,u(z,t)) | (z,t) € Q% [0,T), Tpt1 = u(z,t)} to
be the flow surfaces with X = (z,u(z,t)) satisfying the flow equation (L.I). If £
is a complete hypersurface in H**! with compact asymptotic boundary at infinity,
then the normal vector field of ¥ is always chosen to be the one pointing to the
unique unbounded region in R’}r‘H /%, and both Euclidean and hyperbolic principal
curvature of X are calculated with respect to this normal vector field.

We shall take I' = 02, where Q2 C R" is a smooth domain and seek a family
of hypersurfaces X(t) as a graph of function u(z,t) with boundary I". Then the

coordinate vector fields and upper unit normal are given by

—ue; + e
Xi=e;+ueny1, vg = uv = UM,
w
where through out this paper, w = /1 + |Vul?, e,41 is the unit vector in the
positive ,, 41 direction in R™*! vy denotes the hyperbolic unit normal, and v

denotes the Euclidean unit normal.
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Note that by equation (1.1))
X , > —_— ,
<X vy =f—-0

which is equivalent to

(gpuom) ==
from here we can derive that the height function u satisfies equation
(1.12) uy = (f — o)uw.
So problem then reduces to the Dirichlet problem for a fully nonlinear

second order parabolic equation
up =uw(f—o) onQxI[0,T),
(1.13) u(z,0) = ug on Q x {0},
u(z,t) =0 on 90 x [0,T).
In this paper, we shall focus on proving the long time existence of the modified
general curvature flow (MGCF) of complete embedded hypersurfaces with initial
surface whose principal curvatures satisfy f(k) > o everywhere; furthermore, we

shall also prove the uniqueness under additional assumptions.
To begin with, I'd like to state the following beautiful result of [GSZ09)

Theorem 1.1. Let X be a complete locally strictly convex C? hypersurface in H™ 1
with compact asymptotic boundary at infinity. Then X is the vertical graph of a
function u € C?(Q)NC°Q), u > 0 in Q and u = 0 on 0N, for some domain
QCR™:

Y ={(z,u) e R} 12 €Q}
such that
(1.14) {05 + wiu; +uuj} >0 in Q.

That is, the function u? + |x|? is strictly convez.

According to Theorem our assumption that (¢) is a graph is completely
general and the asymptotic boundary I must be the boundary of some bounded
domain 2 in R".

We seek solution of equation satisfying for all ¢t € [0,T). (We will
see in section [ that when the initial surface of the MGCF under certain restriction
then the solution of must satisfy ) Following the literature we call
such solutions admissible. By [CNS85] condition implies that equation
is parabolic for admissible solutions.

The main result of this paper may be stated as follows.

Theorem 1.2. Let T = 9Q x {0} C R"™ where Q is a bounded smooth domain in
R™. Suppose that o € (0,1) and that f satisfies conditions — with K = K.
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Furthermore, let Yo = {(z,uo(x)) | up € C=(Q) N CH(Q)} be a complete locally
strictly convex hypersurface with X9 = I’ and f(k[Xo]) greater than o, then there
exists a solution X(t), t € [0,00), to the MGCF with uniformly bounded
principal curvatures

(1.15) [k[Z2(@)]| < C on E(t), for allt € [0, 00).

Moreover, 3(t) = {(z,u(z,t)) | (x,t) € Q x [0,00)} is the flow surface of an
admissible solution u(x,t) € C*°( x (0,00)) N W2(2 x [0,00)) |I| of the Dirichlet
problem , where p > 4. Furthermore, for any fized t > 0, we have u?*(z,t) €
C>(Q)NCHL(Q) and

(1.16) u|D*u| < C in Q,

(1.17) V1I+|Dul2<C inQ,

where C' is some constant independent of t. In addition, if

(1.18) SHE>Y N inKn{o< f<1},

then as t — oo, u(t) converges uniformly to a function @ € C>(Q) N CH(Q), such

that Yoo = {(z,0) € R 2 € Q} is a unique complete locally strictly convex
surface satisfies f(k[Yo]) = o in H" L.

~

Due to the degeneracy of equation when u = 0, it is very natural to
consider the approximate modified general curvature flow (AMGCF) problem.
Instead of u = 0 on 02 one assumes u = ¢ on J2, € is small enough. So the
equations become,

uy = vw(f — o) on Q x [0,T),
(1.19) u(x,0) = ug on © x {0},
u(z,t) =¢ on 90 x [0,T).
where u§ = ug + € and X§ = {(z,u§)|z € Q} satisfies f(xk[E§]) > 0, Vr € Q.

Theorem 1.3. Let Q be a bounded smooth domain in R™ and o € (0,1). Suppose
f satisfies — with K = K,;}. Then for any € > 0 sufficiently small, there
exists an admissible solution u¢ € C*° (2 x (0,00)) of the Dirichlet Problem ,
Moreover, u¢ satisfies the a priori estimates

1

(1.20) V14 |Duc]2 < = + Ce, uf|D*uf| < C on 99 x [0,00),
o

and

(1.21) uf|D*uf| < C(t,e) in Q x [0, 00).

1Wp2’1 is the space of function f such that the norms

+>° 2
=1

ox;

n

+ 2

Lr =1

9%f
8337;3.’17]'

0
11,30 = 151+ |2

Lp Lp

are finite.
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In particular, C(t,€) depends exponentially on time t.

Remark 1.4. The a priori estimates (1.20) will be proved in section [5| and |§|, while

estimate (|1.21]) can be proved by combining Lemma and equation ([7.12)) then
use standard maximum principle for parabolic equation.

The main technical difficulty in proving Theorem [I.2] is that we can not use
the estimates (1.21]) to pass to the limit. We overcome this difficulty by proving a
maximum principle for the largest hyperbolic principal curvature.

Theorem 1.5. Let Q be a bounded smooth domain in R™ and o € (0,1). Suppose
f satisfies — with K = K,I. Then for any admissible solution u® of the
Dirichlet problem ,

(1.22) u|D?*uf| < C(1+ max uf|D*uf|) in Q x [0,00),
0% [0,00)
where C' is independent of € and t.

By applying Theorem [I.5| to Theorem [I.3] one can see that the hyperbolic cur-
vatures of the admissible solution u€ are uniformly bounded from above. Later we
will also show that, if our initial surface satisfies f(x[Xo]) > o then f > o during

the flow process. In particular,

Theorem 1.6. Suppose f satisfies (1.5)-(1.9) with K = K;f, and u(z,t) is an
admissible solution of the Dirichlet problem , and in addition

(1.23) F(R[ZG]) > 0.
Then we have

(1.24) FRIZ()]) > o Vte[0,T).

Thus one can conclude that the hyperbolic curvatures admit a uniform positive
lower bound, so by the interior estimates of Evans and Krylov, we obtain a uniform
C?< estimates for any compact subdomain of €. Then the proof of Theorem
becomes routine.

The paper is organized as follows. In section 2] we establish some basic identities
for hypersurfaces in H" 1. Sectioncontains some essential identities and evolution
equations which will be used later. The preserving of convexity will be proved in
section[d Section [5]contains a global gradient estimate, while in sections[6] and [7] we
prove the boundary and global estimates for the second derivative of u respectively.
Finally in sections[8land 0] we discuss the convergence and uniqueness of the MGCF.

2. FORMULAS FOR HYPERBOLIC PRINCIPAL CURVATURES

2.1. Formulas on hypersurfaces. We will compare the induced hyperbolic and

Euclidean metrics and derive some basic identities on a hypersurface.
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Let ¥ be a hypersurface in H**!. We shall use g, and V to denote the induced
hyperbolic metric and Levi-Civita connections on 3, respectively. Since X also
can be viewed as a submanifold of R**!, we shall usually distinguish a geodesic
quantity with respect to Euclidean metric by adding a ’tilde’ over the corresponding
hyperbolic quantity. For instance, § denotes the induced metric on ¥ from R"+!,
and V is its Levi-Civita connection.

Let (21, ,z2,) be local coordinates and
0
= =1, ,n.
T 8,2@

The hyperbolic and Euclidean metrics of ¥ are given by
(2.1) 9ij = (Ti,Tj) g » Gij = Ti* Tj = U°gij,

while the second fundamental forms are

(2.2) hij = (Dr7jsvir) y = = (DriVis i)y »
’ Bij:V'DTiTj:_Tj'DTiVa
where D and D denote the Levi-Civita connection of H"*! and R™*1, respectively.

The following relations are well known (see equation(1.5),(1.6) of [GS0§] ):

1-~ Vn+1 _
(23) hij = Eh” + 791']‘.
(2.4) ki =uk; V" =1,
where V"t = v g1 = .

The Christoffel symbols are related by formula
. 1 o
(2.5) F?j = Ffj - E(uiékj +uibik — G diy).
It follows that for v € C?(X)
~ 1 B 5
(2.6) Vijv = vi; — Tioe = Vijo + - (wgvj + ujv; — G urvigij)

where and in the sequel (if no additional explanation)

v 8%

v = 8733/ Vij = m, etc.
In particular,
(2.7) Viju= @iju + Zuiyy %gklukulgij.
Moreover in R**1,
(2.8) G upuy = |[Vul? = 1 — ("1)?
(2.9) Viju = hyjv"
We note that all formulas above still hold for general local frame 7y,--- ,7,. In
particular, if 7i,---,7, are orthonormal in the hyperbolic metric, then g;; = d;;

and gij = u25ij.
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We now consider equation (1.1)) on X. For K as in section 1, let A be the vector
space of n X n matrices and

AK:{A:{CLM}GASA(/UGK},

where A(A) = (A1, -+, A,) denotes the eigenvalues of A. Let F' be the function
defined by

and denote

y OF y O*F

ij _ 9 ij,kl - _ _ -
(211) F (A) 8aij (A)’ F (A) 8aij8akl

Since F(A) depends only on the eigenvalues of A, if A is symmetric then so is the
matrix {F(A)} . Moreover,
FY(A) = fidi;

when A is diagonal, and

(2.12) F(A)ai; =Y fiMA)A; = F(A),

(2.13) FY(Aamaje =Y fi(AMA)A?,

Equation can therefore be rewritten in a local frame 71, -+, 7, in the form
uy = uw(F(A[X]) — o) (x,t) € Q@ x[0,T),

(2.14) u(z,0) = ug (z,t) € Q x {0},
u(z,t) =0 (z,t) € 9Q x [0,T),

where A[X] = {g*hy;} .
2.2. Vertical graphs. Suppose X is locally represented as the graph of a function
u € C%(Q), u> 0, in a domain Q C R™ :

Y = {(z,u(z)) e R"™ : 2z € Q}.

In this case we take v to be the upward (Euclidean) unit normal vector field to 3 :

Du 1
v= (_u)) , w=+/14+|Dul?.
w

The Euclidean metric and second fundamental form of ¥ are given respectively by
gij = 0ij + uiuy,
and
B o— Yig

hij =
J w

According to [CNS86], the Euclidean principal curvature k[3] are the eigenvalues
of symmetric matrix Afu] = [a;] :

~ L ik, _1j
(2.15) Qi = ugry”,
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where
g il
7 Y w(l 4 w)
Note that the matrix {7} is invertible with the inverse
i,
Vij = 0ij + T ; Z}

which is the square root of {g;;}, i.e., virvk; = Gij. From (2.4) we see that the
hyperbolic principal curvatures x[u] of ¥ are eigenvalues of the matrix Afu] =

{ai;[ul} -
1 ) .
(2.16) agj = " ((Sij + U’YZkukl’ylj) .

When ¥ is a vertical graph we can also define F(A[X]) = F(A[u]).

3. SHORT TIME EXISTENCE AND EVOLUTION EQUATIONS

3.1. Short time existence. In order to prove a global existence for the Dirichlet
problem (1.19]), we need to start with a short time existence theorem. Though this
theorem is standard, for completeness we state it as follows:

Theorem 3.1. Let G(D?u, Du,u) be a nonlinear operator, which is smooth with
respect to u, Du and D?*u. Suppose that G is defined for function u belonging to an
open set A C C%(Q) and G is elliptic for any u € A, i.e., G > 0. Then the initial
value problem

uy = G(D*u, Du, u) on Q x [0,7T),
(3.1) u(z,0) = ug on Q x {0},

u(z,t) = uolon on 9 x [0,T),
has a unique solution u for T = € > 0 small enough. Furthermore, u is smooth

except for the corner, when ug € A is of class C°° ().

3.2. Evolution equations for some geometric quantities. In this subsection,
we will compute the evolution equations for some affine geometric quantities. Before
we start, need to point out that in this section for v € C?(X), we denote v; = Vv,

Vij = Vl-jv, etc.

Lemma 3.2. (Evolution of the metrics). The metric g;; and §;; of X(t) satisfies

the evolution equations
(3.2) gij = —2u_2§ij (F - O')UJ — 2u_1(F — O')ilij,

(3.3) Gij = —2(F — o)uhi;.
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Proof. Since g;; = 7; - 74,
0 . L
= 2(Dr[(F — o)u], )
= 2(F - U)u <E7i1/, Tj>
= _2(F — O')UjLij.

Differentiating equation (2.1) with respect to ¢t we get

0

5% = —2u"Gijuy + u g
= —2u3G;;(F — o)uw — 2u™?(F —

)uﬁij
= —2u"2§;;(F — o)w — 2u™ (F — o)h

ije
O

Lemma 3.3. (Evolution of the normal). The normal vector evolves according to

(3.4) v =—gI[(F — o)u);T;,
moreover,
(3.5) v = G [(F - o)uliu,.

Proof. Since v is the unit normal vector of 3, we have v € T(X). Furthermore,
differentiating

(v,1i) = <1/, DTiX> =0,
with respect to ¢ we deduce
(7)== (v, Dy, [(F = o)ur])
= — (W, [(F = o)uliv)
= —[(F = o)ul;,
so we have
v =—g"[(F — o)ulir;.
Thus follows directly from

sn+1

v = (V,ent1) and u; =7 - €pq1.

O

Lemma 3.4. (Evolution of the second fundamental form). The second fundamental

form evolves according to

(3.6) Bl = [(F — o)u), + u(F — o)hFhL,

(3.7) hij = [(F — o)ulij — u(F — o)hfhy;,
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and
ny 9T LU~ oyuly — u(F — o)k fag} — "Sun(F o)
—{g" [u(F - J)]kul}% Tz Z)”nﬂ hij — 2%(1? —0).

Proof. Differentiating (3.4]) with respect to 7; we get

o 3 o .
aui = —gkl[(F — o)u)giT — gkl[(F — o)u)g D, 7.

On the other hand, in view of the Weingarten Equation

V; = —gklﬁlirk =y = —f;Lka — beTkX,
where h¥ = G*hy; is a mixed tensor, multiply by 7; we get

—;Lfgkj — b} <Dn.,X,Tj> = —g"[(F — o)ulrigu;-
Therefore
WGy = §FU(F — o)uluady — BEu(F — o) <Dm v, Tj>

= [(F — o)ulij +u(F — o)h¥hy;.
Multiplying the resulting equation with g7
(3.9) hl = [(F — o))t + u(F — o)RFRL.

Moreover, since ﬁij = Bﬁglj, differentiating it with respect to t and use equation
(13.3) get

= [(F — o)uligi; + u(F — 0)hihigij + hi[~2(F — o)ul;]
= [(F — o)ulij — u(F — o)hihu;
Finally by differentiating equation (2.3 with respect to ¢, we have
0 1= hi; Gij o ptl ytlg,
ahi‘j = ahij — uf;ut + ufgl/ LS 2 Gij — 2 3 L1y
1 g hij
= —{l(F = o)ulij — u(F = o)hihi;} = —Lw(F = o)
gi, ~ Vn-i—l ~ V”+1§i‘
(3.10) + u—;{—gkl[u(F —o)kw} + > [—2(F — o)uhi;| — 2 = Luw(F — o)
1 s hij
= —{l(F = o)ulij — u(F = o)hihi;} = —w(F = o)
. gij _(F—optl. Gij
_{gkl[u(F—U)]kul}?;—Q " hij—Q?;(F_U)~
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Lemma 3.5. (Evolution of F) The term F evolves according to the equation
By = uF9[(F — oyl + (F — o) [ fur? =2 F + (01?3 1]
+uF =) (F v 37 ) = [(F oyl 3 £

Proof. We consider F' with respect to the mixed tensor hg . By equation 1) and
(3.6) we have

(3.11)

Fy = Fii(h]), = FJ (uﬁg + u"“csij)t
= uFY((F — o)u}] +u*(F — o) F7h¥ R
(3.12) +uw(F — o) FUh] — [(F - o)ulau’ Y fo
= uFI(F —oull + (F o) [¥ fur? — 20 F + 7 Y 1]
Fw(F = o)(F =Y £~ [(F = oyl 3 .

4. PRESERVING CONVEXITY

Let u be an admissible solution of on the domain Q x [0, T'). In this section,
we are going to prove that if the initial surface is convex and satisfying f(x[2¢]) > o,
then during the evolution, the graph X(t) = (z,u(z,t)) stays convex and satisfies
f(K[E(t)]) > o, for any t € [0,T). For convenient, from now on we always choose

Ti,+++ ,Tp to be orthonormal in hyperbolic metrics, i.e., g;; = d;; and g;; = u?d;;.

Lemma 4.1. If the initial surface ¥o is conver and satisfies f(Xo) > o, then
for any t € [0,T), the flow surface X(t) stays convexr. In particular, f(X(t)) >
o, V(z,t) € 2 x(0,T).

Proof. By assumption we can see that the convexity preserving property fol-
lows directly from f(3(t)) > o, (z,t) € Q x (0,t). Therefore, in the following we
only need to show that if f(Xg) > o, then f(X(¢)) > o, V(z,t) € Q x (0,1).

First, instead of showing strict inequality, we will show f(X(t)) > o, V(z,t) €
Q x (0,t). Combining equation and Lemmawe have

or _ Fi9V,F
(4.1) ot

= (F=0) |3 fer2 = v P+ 02 fo 4 wF =23 1]

Consider function F = e ™(F — o), where A > 0 to be determined later. By
equation 1} we know that F satisfies
OF N
— — FYV,,F
(4.2) ot
=F [Z for?2 —v" TR 4 (1/"'*'1)22]"S + wF — ZZfs — )\} .
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If " achieves its negative minimum at an interior point (zq,to) € Qr = Q x (0,T),

then at this point we would have

OZF[Zfs“i_Vn+1F+(Vn+1)2Zfs“"'LUF_ZZfs_)‘}'

fsk2 =V UF 4 (V2N fo+ wF — 23 £, where
0 <ty <T* < T, leads to a contradiction.

Now we are ready to show the strict inequality. Under the hypothesis f(3g) > o,
assume tg € [0,T) is the first time such that F'(X(zo, o)) = o, (zo,%0) € 2 x (0,T).
Let F¢ = e M(F — 0) — ee™, where 0 < € < inf__o{f(Zo(z)) — o} small enough
such that F¢(X(2’,t")) is a local minimum and ¢y — ¢’ is very small. Then at the

Choosing A > MAXE, (o, 7]

point (z’,t") we would have

Fe - , ,
0> a@t — UV e > e e (26*“%4 ) _ 1) >0,
which leads to a contradiction. O

Similarly we have

Corollary 4.2. Let 3(t) = {(z, u(z,t)), (x,t) € 2% [0,T)} denote the flow surface,
f(X0) > o, and u salisfies equation , then there exists a constant C only

depends on ug, such that
(4.3) F—o<CMNI vt e[0,T%),0< T <T.

Proof. We still consider the function F = e (F —¢) in Q x [0,7%), 0 < T* < T
where A chosen in the same way as before, then by Lemma [£.1] we have

OF .. -
E — F”vz'jF < O in Q X [O7T*)
Now we apply maximum principle and conclude that F achieves its maximum at
the parabolic boundary. By Theorem we know that F = o on 9Q x (0,7T),
therefore let C'= max g F(3o(z)) — o, we get (4.3). O

Remark 4.3. From Corollary we can see that for any fixed 0 < T < T, there
exists a constant C' only depends on initial surface ¥y and 7™, such that for any
0<t<T* wehave FF < C.

5. GRADIENT ESTIMATES

In this section we shall show that for ¢ € (0,7") an upward unit normal of the
solution tends to a fixed asymptotic angle with our axis e,,1 on approaching to the
boundary. Combining this with following results gives us a global gradient bound
for the solution.

The following lemma is similar to Theorem 3.1 of [GSI10].



CURVATURE FLOW IN HYPERBOLIC SPACE 13

Lemma 5.1. Let X(t) = {(z,u(z,t)) : (z,t) € Qr} be the flow surfaces with u(x,t)
is an admissible solution of equation . Then for € > 0 sufficiently small,

_ g+l V1 =02 1
(5.1) LA o ito)

u 1 1

on 9 x (0,T),
where 11 is the maximal radius of exterior tangent sphere to OS).

Proof. We first assume r; < co. Let ' denote the vertical e-lift of boundary T, for
a fixed point xg € I'‘; let e7 be the outward unit normal vector to I' at xy. Let By
be a ball in R"*! of radius R; centered at a = (xo + rie1, Rio) where R; satisfies
R? =72 4+ (R0 — €)%

Note that By N P(e) = {z € R"*!x, 1 = €} is an n-ball of radius 71, which
externally tangent to I'“. By Lemma 3.3 of [LX10], we know that By N X(¢) = 0,
for any t € [0,T) hence at zp, we have

el u— ol
> TR

By an easy computation we can get
ri
(1—02)r?+ (1+o0)e

thus equation (5.1) is proved. If 7y = oo, then in the above argument one can

Ry >

replace 1 by any 7 > 0 and then let » — oco. (]

Proposition 5.2. Let X(t) be the flow surfaces, where 3(t) = {(z, u(z,t)) : (z,t) €
Qr} and u(z,t) satisfies the AMGCF equation (1.19). Then

1 maxgq.,. U 1
5.2 — < T
(5.2) maX{ » ,rggfynﬂ},

where Qp = Q x [0,7).

Proof. Let h = uw and suppose that h obtains its maximum at an interior point
(z0,t0), then at this point we have

Oih = (Op; + ugu; + uuki)% =0, forV0<i<n.

By Lemmawe know that X(tg) is strictly locally convex. According to Theorem
this implies that Vu = 0 at (xg,tg), thus the conclusion follows immediately.
O

Now we can apply equation ({2.5)) and (2.6]) to prove the following theorem.

Theorem 5.3. Consider the flow surfaces 3(t), where 3(t) is supposed to be glob-
ally a graph:

() = {(z,u(x,t) : (z,t) € Qr}
and u(z,t) satisfies the AMGCF equation , then we have

1 +1
o— vt o— 30 o—v"
5.3 —— < max 3~ max .
b
u u oOQr u
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Proof. By equation (2.3), (2.5) and let §;; = u?0;;

1 = Lo G
vijﬂ = fﬁviju + ﬁg UkULGij
1 - 1 -
(5.4) = gt g0 g
Vn+1 V’n+1 ~ 1 _ ~
= — " <h” — quij> + Egklukulgij
hence,
1 yntl (vt1)2 o 1 k ij ~
F”VZJE - u F+ u3 ZF”gij + 7“’““ ZFUgij
Vn—‘,—l n+1 1-— n+1
(5.5) i ka+ ka
n+l

F+-= ka

Moreover,
ytl 1 1= 1
(56) Vz] ” _ l/n-‘rlvija + Evijl/n-i-l 2gkluk( TL-‘rl)ng
We recall the identities in R**!
(57) ( n—i—l) = _hzgg Uk
(5.8) @ijl/nJrl = —gkl (l/nJrl/NIililkj + ul@kﬁij) .
By equation ((5.5)), (5.6) and ([5.8) we see that
- n+1
Fiv;;2
1 . i~

n-l—leJv” + szv” _ Egkluk( n+1)lFU9ij

(5.9) (V"+1) V"+1

- F F”[”“l n 1,k th]
" T ka-F (v thij + wVihij)
1 .

_ 72gkluk;( n+1)legij'

As a hypersurface in R"™1, it follows from equation (2.4)) that for any 0 < t < T,
3 (t) satisfies

(5.10) f(uiy + v R, 0 = F
or equivalently,
(5.11) F ({ugskim n u”+155T}) _F

Differentiating equation 1) and using ¢°" = ‘1—2 we obtain

Ujg Ui p 1 ST T, n
(5.12) Fi=—tF—-tv TN fet ~F*"Vihay + @), e
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Combining lemma [3.3 and equation (5.12)) we derive

i [ Wi Ui 1 stx7 .7, n
(5.13) =—u' (F -V TN e+ F "WVihs + (V" T); ka)

. F—
Gy — =)

_ |@U|2 |?u|2 n+1 ui stvr 1. i, n+1
= F+ ka—;F Vihor —u' (V") Y fi
(F—o)

(IVul? + 1).

Finally we get

0 VnJrl
—_ FZ
(875 Vi > U

2 .12 P
_ ‘VU| Fi |VU;‘ ytl ka _ U;FStVihst
U

—u' (") Zf ——(W |2+1>+<”n+1)2 +1ka
(5.14) Fw [_~kl( ”“hlhkj —I—ulvkhu)} ! gkluk(Vn+1)lFij§ij

:_W;L'Qm T T S - E ) (4

. (yn:1)2F pntl ka+ F” ~kl "+1hzhk]

e e S

By a simple computation we have

0 . 1 (F—0o) vnft 1
_ Uy, ) = = _ _ =
(5.15) ( F vw> . +—F = fe

15
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Therefore,
5} o —yntt
Z _fpiy, |
<8t v J) u
o(F—o) ovtl o 1
SR e
F—o
L ><2—<n+1 YN
(5.16)

BT L
L n+1 F2

u (OF_ ka)

e ) T e )

g— l/

+

where we applied inequality > fklik > Z f " achieves its maximum at an

interior point (xg, o), then at this point we have

2o T (1) e )
:F—J (2_(1/n+1)2_ g +F_Uka Vn—HF(F_Uka)).

(5.17)

u

prtl (F'—o) X fe  (F-o)
when F > o> f

when F <o) fi

o< 2 (2 ).

Thus by Lemma we have when v 1! < Z at (wo,t0),
a _ ,,n+1
(-va )” <0,
ot

which leads to a contradiction.
Therefore we conclude that

o—vyntl o—3 o —yntl
—— < max , max .
U

U 8QT u

Combining Lemma Proposition [5.2] and Theorem [5.3] gives

Corollary 5.4. For any € > 0 sufficiently small, any admissible solution u of the
Dirichlet problem satisfies the a priori estimates

(5.18) |Vu| < C in Qr,

where C' is independent of € and T.
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6. C? BOUNDARY ESTIMATES

In this section, we will establish boundary estimates for second order spatial
derivatives of the admissible solutions to the Dirichlet problem ((1.19). Following
the notations in subsection we can rewrite equation (1.19) as follows:

iut -F (1(52-]- + wyikukmljo =—0 on Qr,
uw w

(6.1) u(z,0) = ug on Q x {0},
u(z,t) =¢€ on 002 x [0,T).

And from now on we denote

(6.2) G(D*u, Du,u,u;) = iut —F.

Theorem 6.1. Suppose [ satisfies equation -(@. If € is sufficiently small,
(6.3) u|D?u| < C on 9Q x [0,T),

where C' is independent of €.

Remark 6.2. The following proof shows that C' does not depend on ¢, but depends
on T'. In section [7] we will show that in fact C' is also independent of 7.

Note that
(6.4) GH .= oG _ _Y gkl
8ukl w
1 .
6.5 le =_F s F
(6.5) Ukl + " Z ;
oG 1 1.
Gy = 0 et — F 4t
F— (g 1
(6.6) __F=0) pi (“a _ 5”,)
U U uw
2F o 1
- - . i
U U WU Z ’
oG 1
6.7 at.= 96 _ 1
6.7) ouy  uw’
oG
G*® =
Ou
Utls  Us 2 s wupy®? + ujfyks 2 .. .
— s T p g T, (DT ) 2 pidg s
68 wd Tt T ak( 1+w w2t M
o (F - o) wuy +un

U 2 . 2 . )
— o il AT Y] i — L FYqunsi
2 U +w2 —|—w ak( TTw ) e w; 7y

2 . sj ~ks 2 )
Uy 2 piig,, <wuw+w> = 2 iy,
w w 1+w w
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Thus
w? —1

s 2 i 2 i
(6.9) G’ugs = 50+ WF Taspupu; — EF Tusuj.

w
And similar to equation (5.4) in [GS08] we have

(6.10) Yl <) _F'+F).
Next, we consider the partial linearized operator of G at u:

L =G0, + G 0,0, + G* 0.
By equation (6.5]),(6.7)) and we get

1 1 . 21 2 2
Lu:—ut—F—&-fZF”—f—w o+ = FYaupu; — — FY7uu;
(6.11) uw w w2 w2 w3
) 1 1 a2 2
=30 + ” ZF” + EF”aikukuj — EF”UiU]y
hence
1 1 2
L (> =-——Lu+ ﬁleukul
u u u
= o— —— — QiU
(6.12) ulw? u?w ulw? WK
ij 2 ©j A 1S rj
+ w3u2Fjuiuj - %F Ty usy™ uy
1 1 ii 2 ”
= 2 " 2 ey,
Lemma 6.3. Suppose that f satisfies equation , , and @ Then
€ e(l—o0) i
(6.13) L(l—a) > SN P in Q.

Proof. Since {F%} and {a;;} are both positive definite and can be diagonalized

simultaneously, we see that
(6.14) Fa,6.6 >0, V6 € R™
Combining with equation
L(1-%) =L <1>
U U
(6.15) = u%;a + ﬁ SRt UEZQ Fa;upu,

>ﬂzpiizm§:pia

- wu? w2w

O

Now we denote £ = G*0t + G*9,,0; + G*0, + G, similar to [CNS84] we have

Lemma 6.4. Suppose that f satisfies equation , , and @ Then
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Proof of Theorem[6.1]. Consider an arbitrary point on 92, which we may assume
to be the origin of R™ and choose the coordinates so that the positive z,, axis is
the interior normal to 0f) at the origin. There exists a uniform constant r > 0 such
that 9Q N B,-(0) can be represented as a graph

1
20 =p@) =3 . Baptaws+O0(a'"), o/ = (a1, w0a).
a,B<n

Since u = €, on 9N x [0,T), i.e., u(z', p(z')) = € for ¥t € [0,T), at the origin we
have

Uq + UnBapzg =0, Uag + Unpas =0, Vt €[0,T) and o, 8 < n.
Consequently,

(6.17) luap(0,t)| < C1Du(0,t)|, Vt€[0,T)and o, 8 < n,

where C' depends only on the maximal (Euclidean principal) curvature of 952. Fol-
lowing [CNS84] let T = 90 + Y- 5., Bap(250n — ,05), then for fixed o < n, we
have

(6.18) | T u| < Cylz|?, on {0Q N B.(0)} x [0,T),
(6.19) |Toul < Cq, in {QN B(0)} x [0,T),
where C is independent of € and 7. Moreover by Lemma [6.4]

(6.20) LT,u=0.
Therefore
|L(Tou)| = |£(Tou) — G, Thul
= |G, Tou| < C1|Gy|
(6.21) < % Fii L g
<=QUFTHR)
Cs T
< = F* QONB T).
< S F i {20 B0)) x [0.7)

Note that the last inequality comes from equation (1.11)), Corollary and Remark
H Hence (5 is some constant only depending on 7. By equation (6.4)), (6.10) and
Lemma 2.1 in [GS0§]

[L(|z*)] = |GMkon(|=[?) + G0, (||
(6.22) =2) GH+2) .67
< C(u) F'+€Gi]) < Cqud  F" in {QN B(0)} x [0,T),

for the same reason as before we know that C3 only depends on T as well.

Now consider function
©=A(1-2) + Blaf* + Tau.
U

First choose B > %, then we have ® > 0 on {9(Q2 N B.(0))} x [0,T).
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Next consider ® on (2 N Bs(0)) x {0}, where 6 > € > 0 is small enough. By
using Taylor’s theorem we have

d=A (1 _ 6) + Bla|? £ Tauo
Uuop

> A (1 - 6) + Blz|? — bizy, — balz|?
€+ a1xy
Aa1 2
> _ _
> (1+a1 bl) Tn + (B = by) |z,

where ug > € + a1z, |Taug| < bix, + bolz|? in QN Bs(0) and a1,by,by > 0.
(The reason of the existence of a; can be found in section 3 of [LX10] while the

bi(1
%and

existence of b;, i = 1,2 is trivial. ) Hence we conclude that when A > -
B > max{%,bo}, ® >0 on {9(2N B.(0)) x [0,T)} N {(2N B(0)) x {0}}.

Moreover, by (1.11)),(6.21)),(6.21) and Lemma[6.3]
L(®) = AL (1= 5 ) + BL(jal?) % L(Tu)
u

>M_033u_@.
u

(6.23)

uw
Choosing A > % such that L® > 0 in {2 N B} x [0,T), which implies that
®>0in {QN B} x[0,T). Since ®(0,t) = 0, we have ®,(0,t) > 0, for any fixed
t €10,7T). Thus

€
(6.24) A (?un> + (Tou)n >0
which implies, for any fixed t € [0,T),
Aup(0,1)
'2 an ,t S N N
(6.25) tan(0.0] < 220

Since when ¢ = 0, u,,(0,0) is given we only care about the case when ¢ > 0.
By Theorem we know that F' = o, on 92 x (0,T"). Therefore we can establish
[tinn (0,8)], V¢ € (0,T) in the same way as [GSZ09]. For completeness we include
the argument here.

For a fixed ¢t € (0,T), we may assume (uqg(0,t))
at the point (0,1)

1<a.p<n 1O be diagonal. Then

1+ uwuqq 0 s uu#
uy
1 0 1+ uugy --- %
Alu] = — :
w
UlUn1 UURp2 .. Ulnn
w w 1+ w?

By lemma 1.2 in [CNS85], if eu,,(0,t) is very large, the eigenvalues A1, -+, A,
of Alu] are given by

1
Ao = E(l + etaa(0,1)) +0(1), a < n

(6.26) A, = 6“#(30’” (1 +0 (wm}(()t))) '
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If eu,,, > R where R is a uniform constant, then by (1.8)), and Lemma [5.1] we
have
o= %F(wA[u])(O,t) >(0-C)(1+2) >0
which is a contradiction. Therefore
R
€
and the proof is completed. ([

[Unn (0,1)] <

7. C? GLOBAL ESTIMATES

Let 3(t) = {(z,u(z,t)) | * € Q,t € [0,T)} be the flow surfaces in H**! where
u(zx,t) satisfies vy = uw(F — o). For a fixed point xg € X(tg), 0 < to < T we
choose a local orthonormal frame 74, -+, 7, around xo such that h;;(xo) = k;d;j,
where k1, -, K, are the hyperbolic principal curvatures of ¥(tp) at xo. The cal-
culations below are done at xg. In this section, for convenience we shall write
Vi = V40, hijk = thij, hijkl = Vlkhij, etc.

Theorem 7.1. Let X(t) = {(z,u(z,t)) | x € Q,¢t € [0,T)} be the flow surfaces in
H" L where u(x,t) satisfies AMGCF equation and

"> 20 >0 on X(t), Vt € [0,T).

For x € 3(t), let kmax(x) be the largest principal curvature of 3(t) at x. Then
4
(7.1) max _ Pmax < max{ Hmax} )

— , max
ar V"t —a a3’ o0y vl — ¢

where Qp = Q x [0,T).

Since the proof of this Theorem is very complicated, we shall divide it into several
parts.

To begin with, we denote
(7.2) Mo = max %"(_f”l
Without loss of generality we may assume My > 0 is attained at an interior point
xp € X(tg), to € (0,7). We may also assume k1 = Kmax(Xo). Thus we say at xq,

V,ﬁlll_a achieves its local maximum. Hence,

hiy; Vot 0
h11 I/n"'1 —Qa ’

(7.3)

hii Vvt
7.4 — <0.
( ) h11 VnJrl —a

Lemma 7.2. At xq € X(to), to € (0,7),

5) %hll =V F - (F—o)m%—l—/ﬁl/"“(F—a)

K1
VnJrl

(F—0)+ (F —o)(v"t)? = 2(F — o).
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Proof. By Lemma [3.4] equation (3.8) and §;; = u?d;; we have,

ﬁhu = %Wu[(F —o)u] — u(F — o)hFhyy } — %w(F —0)

ot
7.6

— [U(F—O’)]ku — fhu — 2(F— O').

Recall equation ([2.6) we get

VullF — 0)u] = Vaal(F — o)ul = & {2u1[(F — o)uly — b [(F ~ o)ulsu?)

2
=uVF + (F—0)Viu+2Fu; — " {un Fy + ui(F — o)} + uu”[(F — o)uli

2u}(F — o)

" + uk[(F — o)u)pu,

=uV F+ (F —o)Viu —

inserting this into (7.6))

0 1
Ehll = E {UVHF + (F — U)Vllu —

2ui(F — o)

— - u[(F - U)u]ku}

— (F — 0)h¥hyy — %w(F —0) — [u(F — o)]pu®

2UF — n+1 _
(7.7) _ %hn —2(F - o)
u
F- 2u2(F — -
=Vl + F=o) Viu— M — (F = 0)hthi
u u
h 2(F — o)t
fiw(p,g),%hn,g(p,g)_
u u
Note that,

~ 2u2 -
Vllu = Vllu + =1 _ u|Vu|2,
u

>
=
o

o n+1
T*hllfl/ ,

= 1
hlfhkl = w hlk = E(Uhlk - uyn+151k)2 = (hll — yn+1)2.
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So we have,

0 F— ~ 2u? -
o;hi =V F + i) (th"H + U|VU|2)
ot U u

- %%(F —0) = (F—0)(hi1 —v"t)? = (h1 —v"THw(F — o)
—2(F — o)v" " (hyy — ™) — 2(F — o)
= ViuF + (F — o) (hyy — ™) — (F = 0)(1 — (v"F1)?)
(7.8) — (F = o)(hfy = 2hv™ 4+ (W"1)?) = (hay — v Hw(F - 0)
—2(F — o))" (hyy — ") — 2(F — o)
=ViF —(F—0)—(F -0kt + 2k "™ F - 0)
M P o)+ (F—0)— (F — o)™ (kg — ") — 2(F — o)

l/n+1

= Vi F — (F o)} + mv™ (F — o) — 2 (F — o)
14
+ (F —o)(v"™)? —2(F — o).

O

proof of Theorem [7dl Now we denote ¢ = —— where 1"+ > 2a > 0 on Qr.
Then at x¢ € X(tg), we have

h i h n+1
(7.9) Vip = 11 _ 1Y -0

Vn+1 —a (VnJrl _ a)2

Pitss h11 Vvt
7.10 Viip = — <0.
( ) (’0 l/n+1 —a (Vn—l-l _ CL)Z —

Using Lemma and equation (3.5) in Lemma we get

o _ hi hy ot
&90 T ontl _ g 1 —a)p?
(7.11) - ﬁ {F"hiin1 + F7"hijihesy — (F — 0)k7
+r" TN (F — o) - %(F — o)+ (F — o) (w2 — 2(F — 0)}
+ I = ol

(VT — q)2
By equation (2.6]) and (5.8])

- 1 3
V" = Vi 4 ” (2u ™ —uPvpga)

- - ~ - 2
~kl 1 1 k 1
=—g (Vn+ hithi: + ulvkhu) + auiuf"’ —uu Z/Z+ Giis
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we obtain
Fiiviil/’n+1 — 7Vn+1Fii§klilililki _ F“'Lbk@kil”
2 ..
Z i ; n+l _ k. n+1 i
+ " UV, uu" vy, Zf
—Vn+1 (Z fi/{? - 21/n+1F + (I/n+1)2 Z fz) — Fiiuk@kilii
2 ..
+ *FZluiV?+1 — uukV,?Jr1 Z fi-
What’s more, by the Codazzi and Gauss equations we have
hist — hivii = (kik1 — 1) (ks — K1) = KIK1 — Kik] — K + K1,
multiplying by F* and sum over i,
(7.12) ZFii(hiill — h11ii) = K1 Z fik? — KIF — F 4+ k1 Z fi-
Finally we get
i~ Ve = g {m Y g
1% K l
atgp Y = 1
+ K1 Zfl + F”’rshijlhrsl — ( — O)Hl + K1Vn+1(F — O’)

— L (F o) + (F = o)) = 2(F — o)}
L k 7|2 _ iy ., nt+1
+ (Vn+1 _ a)2 {’U'Fk’u + |VU| (F U) + F vn’/ }

_u”+1 {lefz ﬁfF—F—HﬁZfi
+ F9" 5 hijihest — (F — 0)R3 + k" THF — o)
M (F = 0) 4 (F = o)™ )2 = 2(F — o)}

7Vn+1
K1 Vul? o [Vul?
+(Vn+1_a)2{u< —F = S
+ |Vu*(F — o) — ™! [Z firk? = 20" TUE 4 ()2 Zfz]
2 g
= Fu i 'er+1
+u Z UiV, } ,

where we have used equation (5.12]). Hence at x¢ € 3(tg) we have

(7.13)

0< kifikl —KIF = F 4+ k1Y fi+ F9"hijihyq

K1

—(F = 0)K3 + mv" TN (F — o) — W(F —0)
(7.14) +(F = o) (" t)? f2(F—a)+%{|vu\ F

— |Vul?y ! Zfl + |[Vu*(F — o) — ! {Z fik? — 20"

2 Zf} ZFMM +1},
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which implies

14 (vt -
0< (_1 - :‘ﬁ% + :‘iln(?ia? F+ F”’rshijlhrsl

(7.15) +(n1 Tfl )Zfﬂerz Wl ZfoQ v k)

n 1 1_(Vn+1)
+(F—U)/€1<—H1+V+1—Vn+1+ S — (F—o).

Next we use an inequality due to Andrews [A94] and Gerhardt [G96] which states
fz fl

k1 —

(7.16) — F9M by > 2>
>2

2
hlll

Meanwhile at xo € $(t), we obtain from equation (5.7) and (7.9)

M %o
(717) hllz = o — 4w (I/ I'il).
Inserting into (7.16]) we derive
i i —fiug 1y2
7.18 F9 8 hiiihpst < 2 E ,— T2,
(7.18) j1llrsl = ( ) o~ /<E1—HZU2 V)

Moreover we may write
(7.19) Zfi + me? = (1— (") Zfl n Z C 2 oyl
Combining equation ([7.15)), (7.18) and (7.19)) gives
1+ (vnth)? 2k1 u?
2 i+l
O§<1H1+l/n+1_al€1 F+WTZflu2(V Iii)
ak n n n
_z/"Tla< _ +122fZ+Z _ f+2Fu+1)

fi— f1u? n41y2
2(V7L+1 ) Z"Jl_l‘@z’lﬂ i~V )

i>2

(7.20)

+(F o) <—m+w+1 _ e ) —(F-o0).

Vn+1 Vn+1 —a

Note that (assuming x; > %) all terms on the right hand side are negative except

possibly the ones in the sum involving (¢! 1,

Therefore define

— k;) and only if k; < V™
I={itr — " < —0ri},

J = {z DOk < Kk — T < 0, fi < 9_1f1}7

L= {z C Ok < Kk; — T < 0, fi > eilfl},
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where 6 € (0,1) is to be chosen later. We get

-1
o n+1N\2 g
o D (= v

iel
9/{1 +1
(7.21) < D (vt
iel
01 41 u?
< D (vt fis
iel
1 uf
(7.22) Z(,/H — k) fi—s < k1fi.
i€J v
Finally
—2r% fi—hu} n+142
(vntl — a)? Zﬁl—li u2 v
_2H1 0 L ]/n—&-l)Qﬁ
- +1 _ 2 2
(vm a) zeL +t9 U
— u +1
*Vn+1 Zflu; Ki — V")
i€L
40 n+1 u?
(7.23) + 1+6 ,/n+1 a)? ; - flﬁ
K3
s S R
€L
+1
— VnJrl Z'fluﬂ i v )
i€L
46 u? 6k
+1 1
+1—|—9(1/n+1_a22 ri = V) s 2+7F
€L

In deriving the last inequality in ((7.23) we have used that x; > 0 for each i. Now
fix 6 so that 13?0 = a2, so we get the right hand side of 1} is strictly negative

when provided x; > a—Z which complete the proof. O

Let us assume that the flow exists in [0,7") with 0 < T" < oo such that the norm
of u?(t),vt € [0,T) is uniformly bounded in C?(Q2). Due to the concavity of F,
we can apply the Evans-Krylov theorem [CC95] to get uniform C?7(Q) estimates
which in turn will lead to C’2+°"2+TQ(Q x (0,T)) estimates. And the long time
existence follows by proving a priori estimates in any compact time interval for the
corresponding norms.

In order to prove equation in Theorem according to Theorem , we
only need to find a uniform bound C which is independent of T' for u|D?u| on the
boundary 02 x [0, 00).
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Following Lemma 3.4 in [LX10], we obtain that, for any fixed z € Q. := {x €
Q,d(z,09) < e},

u(z,t) —u(x,0) < /000 ww(F — o)dt = u(z,t") /0OC w(F — o)dt < Ce,

which implies that,
/ w(F —o)dt < Cin Q..
0

Therefore, by Lemma and Corollary we conclude that when 0 < € < ¢,
there exists a f such that for any ¢ > #, we have 0 < F — o < § in €, where ¢
only depends on d. Combining with Theorem [6.1] and Theorem [7.1] gives a uniform
bound for u|D?ul|.

8. CONVERGENCE TO A STATIONARY SOLUTION

Let us go back to our original problem (|1.13)), which is a scalar parabolic differ-
ential equation defined on the cylinder Qr = Q x [0,7) with initial value u(0) =
uy € C*°(Q) N C?(Q) and uglsa = 0. In view of the a priori estimates, which we

have estimated in the preceding sections, we know that

(8.1) u|D?u| < C,

(8.2) V14 |Dul?2 < C,

and hence

(8.3) F' is uniformly elliptic in u.

Moreover, since F is concave, we have uniform C?7%(Q) estimates for u?(t), V¢t > 0.
Thus the flow exists for all ¢ € [0, 00).
By integrating equation (1.12)) with respect to t, we get

o~
(8.4) u(z, t*) —u(z,0) = / (F — o)uwdt.
0
In particular,
(8.5) / (F — o)uwdt < oo Vz € Q.
0

Hence for any z € ) there exists a sequence t, — oo such that (F —o)u(x,t;) — 0.
On the other hand, u(z, -) is monotone increasing and bounded (see Lemma 3.3
of [LX10]). Therefore

(8.6) lim u(z,t) = a(z)

t—o0
exists, and is of class C°°(2) N C*(2). Moreover, 7i(x) is a stationary solution of
our problem, i.e., F (i) = 0, where ¥ = {(z,u(z)) | z € Q} .
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Remark 8.1. Notice that without assumption (1.18) we may not have a unique
stationary solution for equation (1.1}, however due to our setting for the initial
surface and the monotonicity of the height function u(z, -), we can see that the flow

always converges uniformly to a unique stationary solution.

9. UNIQUENESS AND FOLIATION
Theorem 9.1. Suppose f satisfies —(@), in addition,
(9.1) N> NfiinKn{0< f<1}.
Let ¥ = {(z,ui(z) | z € Q}, i = 1,2, be two graphs such that
(9.2) sup f(s[Za]) < f(x[22]),

where X; i = 1,2 are strictly locally convex graphs (oriented up) in H" ! over
Q C R™ with the same boundary T in the horosphere P, = {xn 1 = €} or with the
same asymptotic boundary I' = 0. Then there holds

(9.3) uy > ug, in .

Proof. We first observe that the weaker conclusion
(94) U1 Z U

is as good as the strict inequality (9.3]), in view of the maximum principle.
Hence prove by contradiction, assume ({9.4)) is not valid, in another word,

(9.5) E(ug) ={z € Q:us(x) > uy(z)} # 0.
Then there exists point p; € 3; such that

0 <dy=d(%1,%2) =d(p1,p2) = sup{ _ inf d(p,q) : (p,q) € X1 X Xa},
pEX, q622ﬂ1+(21)

where d is the distance function in R"* and I7(3;) = {(z,7p11) : 2" > uy(2)}.

Let x be the maximal geodesic from ¥; to X5 realizing this distance with end
point p; and py, and parametrized by arc length. Denote by d the distance function
to 21,

d(q) = inf d(p,q).

pEX)

Since x is maximal, T = {x(¢) : 0 < t < dp} contains no focal points of 3,
hence there exists an open neighborhood 4 = 4(Y) such that d is smooth in &,
and 4 is a tubular neighborhood of ¥;, and hence covered by an associated normal
Gaussian coordinates system (z®) satisfying 2"+! = d in {z"*! > 0}.

Now ¥ is the level set {d = 0}, and the level set

W(s)={zecu:d=s}
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are smooth hypersurfaces. Since the principle curvatures of 20(¢) at points along
the normal geodesic emanating from any point of X9 (say near ps) are given by ode

hence by we have
d
(9.6) £f(m)(s)zzfe§fi—2fi<0inKﬂ{0<f<1}.

Next, in the same way, we consider a tubular neighborhood 9 of ¥4 with corre-

sponding normal Gaussian coordinates (z®). The lever sets
W(r)={z" =r}, —e<r<0,

lies below Y3 = (0) and are smooth for small e.

Since the geodesic y is perpendicular to Yo, it’s also perpendicular to 25(r) and
the length of the geodesic segment of x is —r. Hence we deduce

d (Zl, Qﬁ(r)) =do+r.

Further more, for fixed 7, the hypersurface 20(r) touches 20(do+r) at p, = x(do+7)

from below. The maximum principle then implies

f|953(r)(pr) < f|m(do+r)(pr)
On the other hand, 20(r) converges to ¥y. It follows from that

F(r[22])(x(do)) < f(x[Z1])(x(0)),
which is a contradiction to . O
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